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ABSTRACT: A theory for the calculation of effective segment lengths of stiff polymers is developed. The 
theory is applicable to polymers modeled as space curves and characterized by a potential energy of the form soL ds [Pu(s)' + yii(s)'] (u(s) is the tangent vector of the space curve). To achieve a simple solution the 
constraints of differential geometry are relaxed and the calculation is restricted to chains of large contour 
length L. It is found numerically that the effective segment length, when normalized by the unperturbed 
segment length (for y = 0), is a monotonically increasing function of y / p 3  for all values of y and p. The 
implications of this for polyelectrolytes is discussed. 

I t  is well known that relatively stiff or short polymers 
cannot be accurately described as freely jointed chains.l 
This observation led some time ago to the development 
of the wormlike chain model.' Interest in the ramifications 
of this method of polymer characterization has persisted 
and has been especially notable in recent years. The 
original Kratky-Porod model has been extensively ana- 
lyzed and also modified by the inclusion of stretching and 
torsional e n e r g i e ~ . ~ - ~  It is now generally accepted that this 
type of approach can adequately describe stiff chains. 

In addition to serving as a model for short or stiff 
polymers, the wormlike chain representation also provides 
a means of relating the bending energy of the chain to its 
equivalent statistical segment length, in the limit of in- 
creasing contour length. This can be quite useful for chain 
molecules whose potential energy can be represented by 
an analytic function of Ir(s) - r(s?l (the distance between 
two points on the chain contour). The potential energy 
can then be expanded in a series, with the tangent vector 
u(s) and its derivatives serving as expansion variables. The 
lowest order term of this expansion should be proportional 
to U(S)~. The coefficient of this term is the bending energy 
constant, which is simply related to the equivalent sta- 
tistical segment length of the chain, in the limit of infinite 
length. This approach is exemplified by two recent studies 
of the electrostatic contribution to the persistence lengths 
of po lye le~ t ro ly t e s .~~~  

While the approach to calculation of the persistence 
length of polyelectrolytes seems promising, it is valid only 
if the potential energy is well approximated by a bending 
energy alone. It is likely that in some cases one should 
include a more refined energy representation which in- 
cludes terms not only in U(s)' but also in the next higher 
order derivative of the tangent vector. The purpose of this 
note is to provide the theoretical framework for relating 
the segment length to this next higher order term. 
Theory 

We consider a continuous space curve of length L de- 
scribed by r(s), u(s), and a(s) where s measures the contour 
length along the chain, r(s) is the radius vector from the 
origin to the point of contour length s, u(s) is the tangent 
vector 

dr(s) 
ds = r(s) u(s) = ~ - 

and a(s) is the derivative of the tangent vector 

= U(s) a(s) = - - du(s) 
ds 

We assume that the potential energy of the chain is 
given by 

where a is a stretching force constant, p is a bending force 
constant, and y is a torsion force constant.1° Note that 
the inclusion of a stretching energy, ~ u ( s ) ~ ,  is not strictly 
consistent with the differentiable space curve model. It 
is well known that the tangent, u(s), of a continuous curve 
is constrained to be a unit ~ e c t o r . ~  Hence the term in 
~ u ( s ) ~  should be a constant. This constraint, however, 
greatly complicates consideration of the statistical me- 
chanics of this s y ~ t e m . ~ , ' ~  Therefore in order to derive 
closed form expressions for ( R2) ,  the mean-square end- 
to-end vector, we will relax the constraint on u(s), in the 
manner described by Freed. That is, we will not require 
that U(S)' = 1. Instead we will employ a as an adjustable 
parameter to insure that the average value of u(L)' for 
large L is equal to 1. This approach has been discussed 
a t  length by Freed.lo 

This relaxation of the constraints of differential ge- 
ometry immensely simplifies our problem. We must point 
out, however, that this approach has been criticized by 
Yamakawa. In particular, he notes that the model is 
invalid near the rod limit or if the polymer is subject to 
an external forcea7 We propose to employ this model, 
however, to investigate the equivalent statistical segment 
length of the chain in the limit of increasing contour length. 
In this limit the model is valid and provides useful in- 
formation. 

With these reservations we proceed to development of 
the model. For the potential energy described by eq 1 
Freed has shown that the probability of the chain having 
a configuration for which u(0) = Uo, a(0) = A,, u(L) = U, 
and a(L) = A is given by the following path integrallo 

exp1-L" ds[au(s)' + pa(sI2 + ya(sI2 + 
iq(s).a(s) - iq(s)*~(s)lj  

where u(s),  a(s),  and q(s) may be considered 
"independent" variables since a generalized delta function 
(in the variable q(s)) has been introduced to insure that 

a(s) = U(s) 

We now note that this path integral is equivalent to the 
following function 

N exp(-L" ds[au(s)' + 
pa(s)Z + ya(s)z + iq(s).a(s) - iq(s ) .~(s ) l }  (2) 

where the path of integration is that which causes the 
integral to be stationary [and N preserves n~rmalization].~' 
To determine this path we apply the equations of Euler 
to the integrand, deriving the following relationships 
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proximations used to derive eq 15 and 16.) 
We now insert eq 7 , 8 ,  and 17-20 into eq 2 to derive the 

probability of a configuration having a(0) = Ao, a(L) = A, 
u(0) = Uo, and u(L) = U (valid only a t  large L ) .  Inte- 
grating by parts and using eq 3-5 we derive the following 
equation 
PIU,A,UoAo] = N exp(-ytlt2(€, + E * )  U2 + [y(tl + 

where PIU,A,Uo,AoI is the probability that the chain have 
u(L) = U, a(L) = A, u(0) = Uo, and a(0) = Ao. N is a 
function of Uo and Ao. Note that there are no cross terms 
between U and Uo, U and Ao, etc., and that the distri- 
bution function is a product of independent factors de- 
scribing the two ends of the molecule. This is to be ex- 
pected in the limit of large contour length considered in 
this paper. 

In deriving eq 21 we have, as discussed earlier, ignored 
the contraint imposed by differential geometry that u(s) 
is a unit vector. As pointed out by Freed we can thus 
expect our results to be physically realistic only iflo 

t J 2  - p]A.U - ~ ( € 1  + €2)A2] (21) 

lim (U2) = 1 (22) 
L-m 

This condition is satisfied if CY is determined by the fol- 
lowing equation 

2ya - 2pa - iq = 0 (3) 
--iq - 2au = 0 
-ia + iu  = 0 

(Note that we must deal with three variables a, u, and 9). 
If one differentiates eq 3 twice with respect to s and then 

employs eq 4 (after differentiation with respect to s) and 
5 one can derive the following formula15 

yH - pa + cya = 0 (6) 
The solutions of these equation are 

a(s) = C1 exp(tls) + C1 exp(-qs) + C 2  exp(t2s) + 
C-2 exp(-t2s) (7 )  

where 

(we take 6 ,  and t2  to be the positive roots) and boundary 
conditions require that 

€ 2  

a(0) = A. = C1 + C1 + C2 + Cz (13) 

C2 exp(tzL) + C2 exp(-t,L) (14) 

To proceed further we consider the above equations as 
L becomes large. If t l  and t2 have real parts the terms in 
exp(-tlL) and exp(-czL) are negligible. Equations 12 and 
14 become 

a(L) = A. = C1 exp(e,L) + C1 exp(-qL) + 

A C1 exp(tlL) + C z  exp(t2L) (16) 

It is now easy to derive simple expressions for C1, C-,, Cz ,  
and C2 

C1 = (A - 

C2 = (A - 

61 
t2U) exp(-tlL)- 

€1 - € 2  

6 2  
tlU) exp(-t2L)- 

€ 2  - €1 

(20) c-1 = - [A0 + d J 0 1  

(Note that these expressions are consistent with the ap- 

E l  

61  - e 2  

where the radical must be taken as positive. 
Let us now consider evaluation of ( R2) ,  the mean-square 

end-to-end distance. Let PqR,U,A,Uo,Ao] represent the 
distribution function of R,U,A,Uo,Ao and let I[k,U,A,- 
Uo,Ao] denote the characteristic function (the Fourier 
transform of this distribution function). Using the 
techniques employed by Freed it is very easy to demon- 
strate thatlo 
I[k,U,A,Uo,AoI = 

exp[ -GI.[ (U - E),A,(Uo - 3.~401 (24) 

where PIU,A,Uo,Ao] is given by eq 21 (in the limit of large 
L) .  With this expression one can easily demonstrate that 
the characteristic function in the limit of large L is identical 
to that derived by Freed. Thus Freed's expression for (R2)  
in this limit, ( R 2 )  = L(3/2a), is applicable here. Hence 
we can identify the effective segment length with (3/2a). 

Results and  Discussion 
Segment lengths were calculated for various values of 

p and y,  employing eq 23 as a quartic equation for d i 2 .  
Since the dimensionless variable y/p3 is a natural ex- 
pansion parameter of eq 23 the data are plotted as l / l o  vs. 
y/o3, where 1 is the segment length and lo is the segment 
length when y = 0. This procedure reduces the solution 
of eq 23 for all values of /3 and y to a single dimensionless 
plot. This is shown in Figure 1 for values of y / p 3  ranging 
from 0 to 1 and in Figure 2 for values of 1 to 10. Quali- 
tatively, the numerical calculations show that the segment 
length increases in a smooth monotonic manner as y in- 
creases. It is clear that the higher order stiffness term has 
a significant effect on the segment length, even when y / p 3  
is small (0.1). Nevertheless, the plot of l/lo vs. y / p 3  levels 
off somewhat a t  larger values of y and when y / p 3  = 10 
(l/lo) is only 2.34. 

Unfortunately, these results cannot be directly applied 
to polyelectrolytes without further theoretical develop- 
ment. When the electrostatic potential energy is expanded, 
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Figure 1. T h e  reduced effective segment length l / l o  is plotted 
a s  a function of 7 / p 3  for values ranging from O t o  1.0. 
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Figure 2. T h e  reduced effective segment length l / l o  is plotted 
as a function of y / P ”  for values ranging from O t o  10.0. 

following Scolnick’s and Fixman’s m e t h ~ d , ~  one finds terms 
in laI4 and cross terms in the various derivatives of u(s) 
as well as the terms i3a(s)2 and y a ( ~ ) ~ .  Thus eq 27 is not 
directly applicable. However, it is possible to use the 
results obtained above to reach some qualitative con- 
clusions about the procedures used by Scolnick and 
Fixman and Odijk for calculating the segment length of 
polyelectrolytes.8~9 These investigators have shown that 
the electrostatic contribution to p is [ u ~ / ~ D ~ T K ~ ]  where 
u is the charge per unit length, D is the dielectric constant, 
and K is the DebyeeHuckel screening variable. This allows 
calculation of the segment length (or persistence length) 
as a function of salt concentration by means of the rela- 
tionship between p and the persistence length for wormlike 
chains. Clearly, however, this is valid only if the term 
identified here as ya2 has no significant effect on the 
segment length, which roughly implies that y / p 3  < 0.1 (see 
Figure 1). It  is not difficult to show that for polyelec- 
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trolytes y is [ ~ u ’ / ~ D ~ T K ~ ]  (assuming no none~ectrostatic 
contributions). If we consider a 0.01 M univalent salt 
solution, one can then use the expressions for 0 and y to 
determine that the unperturbed segment length (the 
segment length a t  infinite salt concentration) must be 
approximately 70 A in order for y / p 3  < 0.1. This is an 
underestimate since we have ignored several terms in the 
potential energy of polyelectrolytes. Nevertheless it 
provides a rough estimate. The calculations also suggest 
an intriguing possibility. The variable y / p 3  is given by 

( 2  u2/ 5Dk T K ~ )  
[p,, + ( u ’ / ~ D ~ T K ~ ) ] ~  

(pne is the nonelectrostatic contribution to 0). This 
function will reach a maximum at some value of K and then 
decrease as the ionic strength decreases. Thus the theories 
of Scolnick and Fixman and Odijk might actually improve 
a t  lower ionic strengths, despite the fact that y increases. 
A more exact characterization of polyelectrolytes, which 
takes into account potential energy terms ignored in this 
paper, is currently being developed in order to more fully 
explore this possibility. 

I t  is not clear how generally useful this approach will 
be for the calculation of segment lengths. It is of value 
only if one derives expressions for 0 and y and this requires 
that the potential energy be given by a known function of 
Ir(s) - r(s31. (If such an expression is not known a 
Gaussian model parameterized to give correct second 
moments might be more useful. Such an approach has 
been described by Zwanzig.12J3) Such potential energies 
can be expanded in terms of a(s) and a(s) to provide 
expressions for p and y. Furthermore, these systems can 
not be analyzed by the helical wormlike chain model, 
elegantly developed by Yamakawa and co-workers.6 The 
helical wormlike chain has a potential energy term in r2 
where r is the torsion as strictly defined in differential 
geometry. If the potential energy is a function of Ir(s) - 
r(s ?I only, however, there will be no simple energy term 
proportional to r2. In fact it is easy to show, using the 
equations of Frenet, that  the term in a ( ~ ) ~  used in this 
paper is equal to K~ + K ’ ~  + K ~ T *  where K’ is the derivative 
of K with respect to s and where K is the curvature and r 
is the torsion.12 In this limited sense the model employed 
here is more complex than the helical wormlike chain. 
However, since the constraints of differential geometry 
have been relaxed and since our equations have been 
solved only for large L this approach is useful only for 
consideration of the equivalent statistical segment length. 
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